
CS 496 Homework

Due Date: June 10

Problemset

Problem 1. Let D be an n-dimensional isotropic distribution, i.e., Ex∼Dxx⊤ = Id. Prove that there
exists a set S ⊆ supp(D) such that:

1. For any distinct x, y ∈ S, ∥x − y∥2 ⩾ Ω(
√

n).

2. |S| ⩾ Ω(n).

Problem 2. Let A ∼ N (0, 1)n×m and suppose that m ⩽ αn for a sufficiently small absolute constant
α > 0. The goal of this problem is to prove that, with high probability,

σmin(A) ⩾ Ω(
√

n) and σmax(A) ⩽ O(
√

n).

Recall that
σmax(A) = sup

x∈Sm−1
∥Ax∥2, σmin(A) = inf

x∈Sm−1
∥Ax∥2,

where Sm−1 = {x ∈ Rm : ∥x∥2 = 1}.

1. ε-nets. Let T ⊆ Rd. An ε-net for T is a set N ⊆ T such that for every x ∈ T, there exists
y ∈ N satisfying

∥x − y∥2 ⩽ ε.

Prove that for every 0 < ε < 1, the unit sphere Sd−1 has an ε-net N with

|N | ⩽
(

C
ε

)d

for some absolute constant C > 0.

2. Upper bound from a net. Let N be an ε-net of Sm−1. Prove that if

∥Ax∥2 ⩽ B
√

n for every x ∈ N ,

then
σmax(A) ⩽

B
1 − ε

√
n.

In particular, for any fixed ε < 1, this gives

σmax(A) ⩽ O(
√

n).
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3. Lower bound from a net. Let N be an ε-net of Sm−1. Prove that if

∥Ax∥2 ⩾ b
√

n for every x ∈ N ,

and additionally
σmax(A) ⩽ B

√
n,

then
σmin(A) ⩾ (b − εB)

√
n.

Conclude that if ε > 0 is chosen sufficiently small as a function of b and B, then

σmin(A) ⩾ Ω(
√

n).

4. Union bound over the net. Let N be an ε-net of Sm−1 with

|N | ⩽
(

C
ε

)m

.

Use concentration of the norm of a gaussian vector and a union bound over N to prove that,
with probability at least 1 − e−Ω(n),

b
√

n ⩽ ∥Ax∥2 ⩽ B
√

n for every x ∈ N ,

provided that α > 0 is chosen sufficiently small.

5. Conclusion. Combine the previous parts to prove that for some sufficiently small absolute
constant α > 0, if m ⩽ αn, then with probability at least 1 − e−Ω(n),

σmin(A) ⩾ Ω(
√

n) and σmax(A) ⩽ O(
√

n).

Final Project

For the final project for this class, read any paper(s), parts of a textbook, or survey that is relevant
to any of the topics we covered in class, and write a report about the paper.

The report should:

• Describe the landmark results in the area that your reading is related to.

• Describe the contribution of the paper, and a high-level description of the proof.

• Identify one technical idea in the paper you find cool, and articulate it by writing a lem-
ma/theorem statement along with a proof. It could be one ingredient in the proof you find
cool, or the core technical idea simplified to communicate the essence without technical
details.

• Identify an open problem, and write about why you find it interesting.

As long as you can justify the connection between the paper and the theme of the class, any paper
that was not already covered in class should be fine!

You may also attempt a research problem. If you solve it you can just write the problem
statement and solution. If you don’t (which is totally okay!), your report should:
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• Describe a concrete problem statement that you are attempting to solve.

• Talk about the significance of the problem, and explain what makes it interesting.

• Identify key prior work and describe the ideas and contributions of those.

• Describe the methods you attempted to solve the problem, and bottlenecks you encountered.
The more concrete the better! For example: a special case you could not resolve; a lemma you
tried to prove but failed at; a counterexample to your initial approach; a computer simulation
showing why a method may or may not work.

Please turn in your report via email by June 10.

Candidate papers

Here is a (very non-exhaustive) list of candidate papers and textbooks:

• A recent breakthrough resolution of Talagrand’s convexity conjecture: [HST26].

• Sinho Chewi’s textbook on log-concave sampling: https://chewisinho.github.io/main.
pdf.

• A unified framework for proving mixing times of Markov chains and many applications:
[CE22].

• See [BJ25] and some of the papers it cites for some recent great papers in discrepancy theory.

• A very cool approximate John’s theorem: [BK25].

• Improved sphere packing with Brownian motion: [Kla26].

• A preceding improvement using probabilistic method techniques: [CJMS23].
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