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Abstract

Let G be a random d-regular graph. We prove that for every constant « > 0, with high
probability every eigenvector of the adjacency matrix of G with eigenvalue less than —2v/d — 2 —
a has Q)(n/polylog(n)) nodal domains.

1 Introduction

Courant’s nodal domain theorem states that the zero set of the kth smallest Dirichlet eigenfunction of
the Laplacian on a smooth bounded domain in R partitions it into at most k connected components
[CH53]. These components, known as the nodal domains of the eigenfunction, have garnered
significant interest over time in spectral geometry and mathematical physics (see e.g. [Zel17]). The
analogous definition for a discrete graph G = (V, E) is the following.

Definition 1.1 (Nodal domains). A (weak) nodal domain of a function f : V— R on G is a maximal
connected subgraph S of G such that f(u) > 0forallu € Sor f(u) < Oforall u € S. A strong nodal
domain of f : V — R in G is a maximal connected subgraph S of G such that f(u) > 0forallu € S
or f(u) < Oforallu € S.

Fiedler [Fie75] showed that for a tree graph, the eigenvector of the kth smallest eigenvalue of the
discrete Laplacian (defined as L = D — A where D is the diagonal matrix of degrees and A is the
adjacency matrix) has exactly k nodal domains. Davies, Gladwell, Leydold, and Stadler [DGLS00]
showed that for an arbitrary graph that the kth Laplacian eigenvector has at most k nodal domains
and at most k + m — 1 strong nodal domains, where m is the multiplicity of the kth eigenvalue.
Berkolaiko [Ber08] showed that for a connected graph with n vertices and n 4 ¢ — 1 edges (such
that removing ¢ edges would produce a tree) the kth eigenvector of a Schrodinger operator of
arbitrary potential has between k — ¢ and k nodal domains. Beyond these results, we are not aware
of any lower bounds on the number of nodal domains of eigenvectors of any large class of graphs.
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Our main result is the following lower bound on the number of nodal domains of a random
regular graph!. We refer to a nodal domain with a single vertex as a singleton nodal domain.

Theorem 1.2. Fix d > 3 and « > 0 and let G be a random d-regular graph on n vertices. Then with

probability 1 — 0,(1), every eigenvector of Ag with eigenvalue A < —2+/d —2 — a has Q (W)

singleton nodal domains, where C1, < 301 is an absolute constant.

Note that for large enough 7, almost every d-regular graph has at least Q(d~3/%n) eigenvalues
with A < —2+/d — 2, as the spectrum of A converges weakly to the Kesten-McKay measure. Since
the the Laplacian of a regular graph is equal to dI — A, the conclusion of the theorem also holds
for the “high energy” eigenvectors of the Laplacian with eigenvalues A > d 4 2v/d — 2 4 a; we will
accordingly also refer to highly negative eigenvalues of the adjacency matrix as high energy.

The proof of Theorem 1.2 appears in Section 3 to Section 6 and employs tools from random
matrix theory (¢« delocalization of eigenvectors of random regular graphs [HY21]), graph limits
(weak convergence of eigenvectors of random regular graphs [BS19]), and combinatorics (expansion
and short cycle counts of random regular graphs), and is outlined in Section 1.3. The conceptual
phenomenon articulated by the proof is that (under certain conditions) high energy eigenvectors of
graphs cannot simultaneously have few nodal domains and be delocalized; a simple demonstration
of this dichotomy in the easier case of d = 3,4 is presented in Section 1.2. We do not have any
effective bound on the 0,(1) probability in the statement of Theorem 1.2 due to the use of a
non-effective weak convergence argument.

We complement Theorem 1.2 by observing in Section 7 (Theorem 7.2) that by an application of
the expander mixing lemma, every non-leading eigenvector f of a d-regular expander graph G with
sufficiently large spectral gap has two nodal domains which together contain a constant fraction of
the vertices of G. For example, when d > 99 more than half of the vertices in a random d-regular
graph are contained in the two largest nodal domains of each eigenvector.

1.1 History and Related Work

Random Graphs. Dekel, Lee, and Linial [DLL11] initiated the study of nodal domains of eigenvectors
of Erdos-Rényi G(n, p) random graphs. They showed that for constant p, with high probability
all but O(1) of the vertices are contained in two large nodal domains for every non-leading
adjacency eigenvector. Arora and Bhaskara [AB11] improved this by establishing that when
p > n~1/19t0(1) there are typically exactly 2 nodal domains in each non-leading eigenvector. H.
Huang and Rudelson [HR20] proved that these two domains are approximately the same size for
bulk eigenvectors when p € [n~¢,1/2] for some fixed c and for edge eigenvectors when p € (0,1)
is constant. Linial suggested studying the shape of these nodal domains; for example, how many
vertices are on the boundary of a domain, what is the distribution of distances to the boundary,
etc. For sufficiently dense graphs sampled from G(#, p), this geometry turned out to be trivial —
in particular, Rudelson [Rud17, Section 5.2] showed that with high probability, for G(n, p) with
fixed p € (n™¢, 1), every vertex is adjacent to ()(n/polylogn) vertices that have the opposite sign
in each eigenvector f. This left open the question of nontrivial structure of the nodal domains for
sparse graphs?. Theorem 1.2 and Theorem 7.2 show that both the number and the geometry of

IWe restrict our attention to weak nodal domains as there are at least as many strong domains as weak domains.
2 As a starting point, Eldan, H. Huang, and Rudelson asked in 2020 [Rud20] whether the most negative eigenvector of
a sparse G(n, p) graph has more than two nodal domains.



nodal domains is nontrivial for high energy eigenvalues of sparse random regular graphs.

In contrast to the situation for dense graphs, Dekel, Lee, and Linial observed that in simulations,
a randomly selected d-regular graph with d constant has a number of nodal domains that increases
with k. Our results confirm their observations for A < —2+/d — 2 — &, up to polylogarithmic factors.

Random Matrix Theory and Graph Limits. The results for G(n, p) described above rely crucialy on
delocalization estimates in random matrix theory. There are two relevant notions of delocalization,
namely £, norm bounds (the strongest being of order log® 1/+/n) and no-gaps delocalization, which
asserts that every subset of tn vertices has at least a B(t) fraction of the ¢, mass of an eigenvector.
Generally speaking, /., bounds are derived via delicate Green’s functions estimates whereas no-
gaps bounds are derived via geometric arguments [RV16]. No-gaps delocalization is so far only
known for sufficiently dense graphs, and remains open for sparse random graphs.

The proof of Theorem 1.2 relies on both notions of delocalization and combines them in a
new way. We first consider no-gaps delocalization at scale t = 1 — J for a small constant J; if this
property holds for an eigenvector, we employ a weak convergence result of Backhausz and Szegedy
[BS19] to argue that the local distribution of eigenvector entries around a randomly chosen vertex
behaves like a Gaussian wave, implying that a random vertex is a singleton nodal domain with
constant probability. Otherwise, we apply the /., delocalization estimate of [BHY19, HY21] to the
subset of dn vertices on which the eigenvector is ¢>-localized; the /-, bound allows us to simplify
and leverage the almost-treelike local structure of the graph on this subset and deduce many
singleton nodal domains via a different argument which hinges on the negativity of the eigenvalue
A. Thus, we sidestep the current lack of no-gaps estimates for random regular graphs, as well as the
difficulty of examining individual eigenvector entries solely using the Green’s function method?.
Conceptually, our ¢; localized case relies on the fact that there is a limit to how { localized such an
eigenvector can be.

Mathematical Physics. The field of quantum chaos aims to relate the classical dynamics of the
geodesic flow on a manifold to the behavior of its high energy Laplacian eigenfunctions [Rud08],
and the number of nodal domains has also been studied in this context [BGS02]. A guiding
question in this area is Berry’s random wave conjecture [Ber77], which asserts that the high
energy eigenfunctions of quantum chaotic billiards behave like “Gaussian random waves” in
the limit. Random d-regular graphs have been studied as a discrete model of quantum chaos
[KS97, BOS07, Smil3]; in particular, a discrete analogue of Berry’s conjecture considered in [Elo08]
asserts that the high energy eigenvectors of random d-regular graphs have a jointly Gaussian
distribution with a specific covariance matrix depending on the degree d. This conjecture implies
the existence of many nodal domains in random regular graphs. Theorem 1.2 verifies the latter
prediction, and one branch of its proof (Section 3) is directly inspired by the “Gaussian wave”
heuristic, which we make rigorous via the weak convergence result of [BS19].

3The Green’s function (A — zI) ! of a random regular graph can only approximate that of the infinite tree when
3(z) = polylogn /n, meaning that it inherently reflects the aggregate behavior of polylogn eigenvectors.



1.2 Low degree case

As a warm-up, we prove a weaker version of Theorem 1.2 which applies to any eigenvector of a
regular graph with sufficiently negative eigenvalue and an ¢, bound.

Proposition 1. Assume f is an eigenvector of a d-regular graph G = (V,E) with eigenvalue
A< —(d—1)—aand

1f oo < } (1)

n

log(d—1)
2 g
(2) * TogTta/@-1))

Then f has at least

nodal domains.

Proof. Assume that u € V is not a singleton nodal domain and |f(u)| > ﬁ Then u has at
most d — 1 neighbors v such that f(u)f(v) < 0,so0as Y., f(v) = Af(u), we must have that for
some neighbor v of u, |f(v)| > (1+a/(d —1))|f(u)|. Repeating this argument, if there are no
singleton nodal domains at distance at most k from u, then there is a path (u = xo, ..., xx) such that
If(x;)] = (1+a/2)|f(xi_1)| for each i. By (1), we must have k < k for

. log(2)
© o log(1+ #%)

Every u with |f(u)| > 5 \f must have a vertex w that is a singleton nodal domain and d(u, w) <

k. By (1), there are at least 311/ vertices u with |f(u)| > 1/2y/n.

k-1

Any vertex w has at most d(d — 1)1 vertices at distance at most k. Therefore there are at least

72 n
d(d — 1)1 (2,7)2+bg(1{’§£%

singleton nodal domains. O

The /, delocalization bound of [[HY21] corresponds to 1 = polylogn. Thus if d < 4,a > 0 are
fixed and A < —(d —1) — a, Proposition 1 yields Q)(n/polylogn) nodal domains for an eigenvector
of a random d-regular graph, recovering the conclusion of Theorem 1.2 up to polylogarithmic
factors in the spectral window [—d, —(d — 1) — a]. For d > 5 we recall that every nontrivial
eigenvalue A of a random d—regular graph satisfies || < 2v/d — 1+ 0,(1) with high probability
[Fri03], so there are no eigenvectors with A < —(d — 1) and Proposition 1 is vacuous. To improve
the required bound on A from —(d — 1) to —2+/d — 2, we shift from a local analysis of the entries of
f to a more global one.

1.3 Proof outline and organization

In Section 2, we go over notation and some preliminary statements. In Section 3, we use the weak
convergence result of Backhausz and Szegedy [BS19] to show that if the eigenvector f is no-gaps (¢2)
delocalized, then it has many nodal domains. The remainder of the proof focuses on the case where
the eigenvector f is />-localized on a small set S C G. In Section 4 we bound the spectral radius of
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“almost treelike” graphs which have few cycles and edges, as is the case for the induced subgraph
G[S]. In Section 5 we show that if the restriction fs has few nodal domains in G[S], then we may
pass to an edge subgraph H C G[S] of degree at most d — 1 such that f Ay fs ~ fTAgf = A. then
we We combine these results in Section 6 to prove Theorem 1.2.

2 Preliminaries

2.1 Notation and basic definitions

Given a graph G on n vertices, we shall use V(G) to denote its vertex set, E(G) to denote its edge
set, and Ag to denote its adjacency matrix. We will order the n eigenvalues of A; and denote them
as:

Amax(G) = A(G) =2 A2(G) > ... =2 Ay (G).

For a subset of vertices S C V(G) we use G[S] to denote the induced subgraph of G on S. We use
N(S) to denote the set of vertices that have a neighbor in S. We use E(S, T) to denote the collection
of edges with one endpoint in S and one endpoint in T. We use S to denote the the set of vertices
V(G)\S.

Given a vector f € R"(®), we use fs to denote the vector in RS obtained by restricting f to
coordinates in S.

We use Bg(v, /) to denote the radius-¢ ball around vertex v in G and Bg(S, /) to denote the
induced subgraph on the set of all vertices of distance at most ¢ from S.

2.2 Graph theory

We use the following standard facts about expansion and cycle counts in random regular graphs.
Definition 2.1. The spectral expansion of a graph G, denoted A(G), is defined as max{A2(G), —A,(G) }.

Definition 2.2. The e-edge expansion of a graph G, denoted ¥.(G), is defined as:

|E(S,S)|
Y. (G) = Lk Nt
(G) = max )
|S|<en

Definition 2.3 (Bicycle-freeness). We say G is ¢-bicycle-free if for every vertex v, B;(v, ) contains
at most 1 cycle.

Lemma 2.4 (Expander Mixing Lemma). Let G be a d-regular graph, S,T C V(G), and e(S, T) is the
number of tuples (u,v) such thatu € S,v € T and {u,v} € E(G). Then:

ewﬂﬁeZBMHWiMGKﬂﬂWTL(L—EU-(L—g».

Lemma 2.5 (Edge expansion in random graphs [HLW18, Theorem 4.16]). Let G be a random d-regular
graph. For every & > 0, there is an € > 0 such that:

Y.(G) =d—2—6.



Lemma 2.6 (Bicycle-freeness in random regular graphs [Bor19, Lemma 9]). Let G be a random d-
regular graph. There exists an absolute constant ¢ € (0,1) such that with probability 1 — 0,(1), G is
L-bicycle-free for any £ < cplog, 1.

We use Lemma 2.6 to derive the following:

Lemma 2.7. Let G be a random d-regular graph. Then with probability 1 — 0, (1) there exists a collection
of edges F with cardinality bounded by (d — 1)n1=6/2 such that G \ F has girth { := %¢ log, | n.

Proof. Let C be the collection of all cycles in G of length at most ¢. By Lemma 2.6, G is 2/-bicycle-
free. Consequently, the collection of graphs given by C’ := {Bg(C,¢) : C € C} must be pairwise
vertex-disjoint. Indeed, if there are distinct C,C" € C for which Bg(C, ¢) and Bg(C’, ) share a
vertex v, then B (v, 2¢) contains both C and C’ contradicting bicycle-freeness.

For any C € C, the number of vertices in Bg(C, ) is at least (d — 1)~ = ”;Zf{z, and by vertex-
disjointness of the balls around cycles, |C’| < (d — 1)n'~%¢/2, However, since |C| = |C’|, we have
a bound on |C|. We can then construct F by choosing one edge per C € C, which completes the

proof. O

2.3 Delocalization of eigenvectors of random regular graphs

A key ingredient in our proof is the following result about /«-delocalization of eigenvectors in
random regular graphs, as stated in [HY21, Theorem 1.4] (see also [BHY19] for the precursor).

Theorem 2.8. Let d > 3 be a constant, and let G be a random d-reqular graph. With probability 1 —

O(n=1+°W) for all eigenvectors v:

log™ n
Vn

where Cry < 150 is an absolute constant independent of d.

ol < loll,

2.4 Gaussian wave
Our results also use results concerning the Gaussian wave, which we explain below.

Definition 2.9. Consider the infinite d-regular tree T; with vertex set V; and origin 0. An eigenvector
process with eigenvalue A is a joint distribution { Xy }ycv,, such that it is invariant under the action
of Aut(T,), E(X?) = 1, and satisfies the eigenvector equation

AXo =) Xy (2)

o~0
with probability 1.

Observe that the eigenvector process must satisfy the eigenvector equation at every vertex by
automorphism invariance, and that by taking the expectation of (2) and automorphism invariance,
if E(X,) #0, then A =d.

Definition 2.10. A Gaussian wave is an eigenvector process that is also a Gaussian process.

Theorem 2.11 (Theorem 1.1 of [El0o09]). Forany —d < A < d, there exists a unique Gaussian wave with
parameter A.



We call this Gaussian wave A,.

Definition 2.12. The Lévy Prokhorov distance between two distributions 1 and i, on RF is given by

d(p1, )2 := 6 where
0 = inf{e > 0|VA € By, Pry~y, (x € A) < Pryoy,(x € Ae) +€and Pryy, (A) < Pryoy, (x € Ae) +-€.}
By is the set of Borel measurable sets in R and A, is the ball of radius € around A.

Define C; to be the number of vertices in B4 (v, £), where T, is the infinite d-regular tree, and v
is an arbitrary vertex. Namely
d((d—1)' = 1)
d—2 '

A vector f on the vertices of a graph G on n vertices defines the following distribution v¢ ¢, on R&.

Cpri=1+

Select a vertex u € V uniformly at random. This maps to a vector X := (x1,...,xc,) € R in the
following manner. Order the vertices in B(u, {) by starting a breadth first search at u, breaking ties
in the order of the search uniformly at random. We then assign x; := \/nf(uy), where uy is the
kth vertex in this breadth first search. If B(u, ¢) has fewer than C, vertices, then assign the vector
(0,...,0) € R%.

Theorem 2.13 (Theorem 2 of [BS19]). For every € > 0 and R € N, there exists N such that forn > N,
with probability at least 1 — €, a graph selected from G(n,d) has the following property. Any eigenvector f
of G is such that vg  r is at most € in Lévy-Prokhorov distance from the distribution of o - A, restricted to
Bra(0, R) for some o € [0, 1], where A is the eigenvalue of f.

In fact, [BS19] proves that there is an N and a § > 0 such that a G(n,d) graph has this property
for all normalized vectors f such that there exists a constant A such that ||(A — AI) f|| < J. Namely,
this statement is true for all “pseudo-eigenvectors”.

3 Either /;-localization or many nodal domains

In this section, we show (Lemma 3.2) that if an eigenvector of a random regular graph is appropri-
ately delocalized in /,, then its proximity to the Gaussian wave implies it has many nodal domains.
We begin by showing that the root vertex in a Gaussian wave with negative parameter A has a
constant probability of being a singleton domain.

Lemma 3.1. Ford > 3and 0 < a < d, let

o

031:= 3d+2gd+1

Assume that A < —«. With probability at least c31, {0} is a singleton nodal domain in A, with all
entries in B(o,1) of modulus at least «/5d.

Proof. The proof proceeds by using the covariance of the Gaussian wave to pass to a Gaussian
vector with i.i.d. entries, then showing that with probability at least c3 1, this vector has a direction
and norm that imply Lemma 3.1.



The distribution of A, restricted to B(o,1) is given by the multivariate normal distribution
N(0,X) fora (d +1) x (d + 1) covariance matrix X. The distribution according to N(0,X) is the
same as the distribution of £!/2g, where g is a length (d + 1) vector with i.i.d. Gaussian N(0,1)
entries. Denote by {v1,...,7;} the neighbors of 0 and denote by e, the elementary vector on v.
Notice that (X1/2¢,,£1/2¢,) = E(X?) = 1, and by the eigenvector equation and automorphism
invariance ('/2e,, 21/2¢, ) = E(X,Xy,) = A/d < —a/d. Let § := g/||gl|. If (§, 21 %¢,) > 1 — %,
then

~ 1 -4
<g1 21/260i> = 1- EHg - Zl/z@vin
1 N 2
o - B
2
< 1 (Y1- @ m ) - 1 (21e,g))
< 1
-z
14 a
< - 1+~
7 te T2\t 3
< %
S 54

for each i. The first inequality is the triangle inequality. The second is the parallelogram law. The
last inequality is true as a/d < 1.

The probability that ||g|| > 1 is at least the probability that the first coordinate of g has modulus
atleast 1. As thls coordinate is standard normal, this probability is at least 0.3. The probability that
(§e0) 21— 5% d2 is the surface area of the spherical cap where this inequality is true divided by
the surface area of the sphere. The surface area of the spherical cap is at least the volume of the d
dimensional sphere base of the spherical cap. The radius of the d-dimensional sphere is

2\ 2 2 4
1—(1= B T L > ﬁl
16d2 842 256d* 7 3d

meaning that the probability that (§,e,) > 1 —

16 d2 is at least

(ﬁ)d, /2 2 (d+1)/2 N 2l
3a) T+n) ) \T3+D ) T T

The probability that both (g,e,) > 1 —

probability that ||g|| > 1 and (g,e,) > 1 —
independent, so this probability is at least

£ and (g, Zl/zey ) < —a/2d for each i is at least the

By rotational invariance of the Gaussian these are

16d
16d2'

ol al

0.3- 3dgd+1, /7 > 3d+24d+1°




Lemma 3.2. Ford > 3and 0 < a < d, there exists N = N(6,«,d) such that if n > N, then with
probability at least 1 — & with respect to G(n, d), for any eigenvector f with eigenvalue less than —u either

1. f has at least c31n/2 singleton nodal domains, or
2. There is a set of vertices S C V, |S| < 6n such that ¥ ycq f(v)? > 1 — 4.

Proof. Define u = j(d, A, ) to be the distribution of the Gaussian wave ¢ - A, restricted to B(o,1).
Assume that d(p, v, £1) < € for € < c31/2 to be fixed later. We consider two cases depending on
the relationship between ¢ and €.

First, assume o > 10eda~!. Define A to be the set of vectors ¥ := (x,, Xy, . -, Xp,) € R such
that

L. min{|x,|, |xo, |, ..., |x0,|} > & and
2. xo-xy; <0foreach1 <i<d.

By Lemma 3.1, j1(A) > c31. By the definition of A, a given vector X € A is such that all entries
are of modulus at least ‘577"1‘ Moreover, by the assumption on ¢, we have € < 1%. Therefore, for
a vector ¥ := (Yo, Yoy, - - -, Yu,) such that ||X¥ — || < ¢, the entries of i are of the same sign as the
entries of x. Therefore, if x, - x,, < 0foreach1 <i < d, theny, -y, < 0foreach1 <i < d, meaning
that if B(o,1) is colored as per v, then {0} is a singleton nodal domain.

As d(p,vgf1) < €, wehave vg r1(Ae) > u(A) — e > c31/2. By the previous paragraph, all
vectors in A, correspond to singleton nodal domains, so there are at least c3 171 /2 singleton domains
of fin G.

Now assume o < 10eda~!. In this case, we will show that because VG, f,1 is close to a Gaussian
with low variance, the distribution of entries of f must be concentrated around 0.

Denote by g the distribution of the value on o in i, and vy := vg 0. Note that yy is the
distribution N(0,¢?). Also note that if d (m,vg, f,1) < ¢, thend (po, o) < €. Therefore for each z > 0,

Pryy(x € [~z —€,z+€]) > Pryoyy(x € [—2,2]) —e.
Fix z := 0/2log 1 and observe that by Gaussian tail bounds
Prx’\’ﬂo(x é [_Z/Z]) < 2e. (3)

Also, by examining the endpoints of the interval, we have

2
Exg (1 [x € [_Z_€,Z+€]} 'X2> < (U\/@{—e)

By assumption o < 10eda . Therefore
1 ? 1
= <1 + 10d0c’1\/210g e) €% < 250d%a%€? log p

2
<m/210gi + e) < (10€d0¢1\/210gi + e)

As % > log% and Ey.,,(x?) = 1, this means that

2

| S <1 [x ¢—z—¢€z+ e]] : xz) > 1 — 250d%a €.

9



Combining this with (3) and the definition of v, this means thatif S = {u € V|f (u)? > 202 log %},
then |S| < 2en, and

Y f(u)? = % Y nf(u)* = Exuy (1 [x Zl—z—¢€z+ e]} -x2> > 1 — 250d%a €.
ues ues

It is therefore sufficient to choose N as per Theorem 2.13 for

2
)61 &
€< mln{ZIZSOdZ(s} .

4 Spectral radius bounds

The main result of this section is Lemma 4.6, where we prove bounds on the spectral radius of high-
girth graphs with bounded maximum degree and hereditary degree (defined below) approximately
equal to 2.

Definition 4.1. The hereditary degree of a graph H is defined as:

AvgD H’
max Avg egree(H')

where AvgDegree(H') = 2|E(H’)|/|V(H')|.

Definition 4.2. Given a collection of edges F, we will use v(F) to denote the number of vertices
adjacent to F, and ¢(F) to denote the number of connected components formed by F.

Definition 4.3. Given a graph H and a collection of edges F C E(H), we use 1r to denote its
indicator vector in RE(H). The spanning forest polytope of H is defined to be the convex hull of
{1F : F forest}.

We will also need the following two ingredients.
Lemma 4.4. [Kes59] If T is a forest with maximum degree bounded by A, then Amax (A1) < 2¢/A —1.

The following fact about the spanning forest polytope is a consequence of [KV12, Theorem
13.21].

Lemma 4.5. The spanning forest polytope of a graph H is equal to the feasible region of the following linear
program:

y=0
Y ye < o(F) —c(F) VF C E(H).
ecF

Lemma 4.6. Let H be a graph with hereditary degree 2(1 + &), maximum degree A, and girth g. Then:

1+6
lAnl <277

A—-1.
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Proof. Since Ap is a symmetric matrix with nonnegative entries,

fTAuf

||AH|| = /\max(AH) = max

fervinfoy IIfII%

We will bound f" Ay f for any f. Observe that:

flauf= Y fufo

{u,0}€E(H)
We will prove that there is a spanning forest T for which:
1- é T T
mf Apf <f Arf
which by Lemma 4.4 is bounded by 2v/A — 1 hence implying
149

1
1 8

frARf <2 A—1.

To prove (4) we exhibit a distribution D on spanning forests such that:

1

Er.p [fTATf} = 1;? TAuf.

171

Lety € RE() be the vector with —— in every entry. We claim that y is inside the spanning forest

1+6

(4)

polytope of H. To verify this, it suffices to check if y satisfies the linear constraints given by the

linear program description of the polytope from Lemma 4.5. By construction, each y, > 0.

Forany F C E(H), writeitas F{ U - - - U F,(r) where each F; is a connected component given by F.
Since the girth of H is at least g, for any |F;| < ¢ we know F; forms a tree and hence |F;| = v(F;) — 1.
For the remaining components, we know |F;| < v(F;)(1 + J) by our bound on the hereditary

average degree. Now:

c(F)
Y Ye=) ) Ve
ecF i=1ecF
c(F)1 1
el
i=1 +

i€[c(P):|El<g i€[c(F)]|Fi|>g
< )Y (eE-1)+ ),
i€[c(P):|El<g i€[c(F)]:|Fi|>g
c(F)
< ) (v(F)—1)
i=1
= o(F) —¢(F)
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Since y is in the spanning forest polytope of H it must be expressible as a convex combination

p1Th1 + - - - + psTs of indicator vectors of spanning forests in H. Let D be the distribution given by

choosing spanning forest T; with probability p;. Notice that for T ~ D the probability that any
1

§ . Now:

given edge e is chosen is 1§

Er.p {fTATf} = Er~p [ Y. e Tlfufo

{u,v}€E(H)
= Z fufoPrle € T|
{u,v}€E(H)
1

= 1+§ Z fufv

{u,v}€E(H)

1-1
:1+§fTAHf’

which completes the proof. O

5 /{»-localization implies many nodal domains

In this section G is a d-regular graph and f is a vector in R"(%). We prove that under some suitable
assumptions on G and f, it is not possible for f to simultaneously be localized and have few nodal
domains. Next, we verify that all of these conditions are simultaneously satisfied by random graphs
and eigenvectors corresponding to sufficiently negative eigenvalues with high probability.

The conditions we impose on G are:

Almost high-girth: There is F C E(G) such that |[F| < O(n!~¢) and the girth of G \ F is at least
c logdi1 n for some constant c.

Lossless edge expansion: ¥.(G) > d — 2 — ¢ for some constants ¢ and J.
The conditions we impose on f are:

{y-localization: There is aset S C V(G) of size en such that || fs]|2> > (1 — 7)||f||* for some small
constant 77 > 0 such that 4d,/i7 < 6+/d — 2.

log® n
Vn
High energy: f' Acf = A||f||? for A < —2(1 +26)\/d — 2.

ls-delocalization: || f||« < ||f|| for some constant C.

The key result of this section is:

Lemma 5.1. If G and f satisfy the above conditions then f must have () <10g2%+]n) singleton nodal

domains.

A key lemma in service of proving Lemma 5.1 is:

12



Lemma 5.2. If f has fewer than bg%ﬂn singleton nodal domains in S, then there is a subgraph H of G on

vertex set S such that:
1. The girth of H is at least clog,;_, n.
2. The maximum degree of H is at most d — 1.

3. The hereditary degree of H is at most 2 + 4.

4. fd Anfs < (A+4d )| fs].

Proof. Let H be the graph obtained by starting with G[S], and then deleting the edge subgraph
L:= Ly UL, U (FNE(G[S])) where L is the subgraph obtained by choosing every edge {u, v}
such that fs(u)fs(v) > 0, and L, is obtained by choosing one arbitrary incident edge to each
singleton nodal domain in S.

Proof of Item 1. H is a subgraph of G \ F and hence has girth at least clog, , 1.

Proof of Item 2. Every vertex v with degree-d in G[S] has an incident edge in L: indeed, if v is
a singleton nodal domain one of its incident edges is added to L; otherwise it has a neighbor u
such that fs(u)fs(v) > 0, which means {u, v} € L. Consequently, every vertex in H has degree
bounded by 4 — 1.

Proof of Item 3. Forany T C S, since |T| < en, it must be the case that |E(T,T)| > d —2— 6.
Since G is a d-regular graph, the average degree of G[T| must be at most 2 + ¢. Consequently since
H|[T] is a subgraph of G[T], the average degree of H[T] is also bounded by 2 + 4.

Proof of Item 4. First observe that:

MFIP = fMAcf
= fd Acfs +2fJ Acfs + f5 Acfs
> £ Ay fs — 24l £ — Pl P (by “xlocalization”)
> fd Agisifs — 3d 1l f11%
Consequently fJ Aggjfs < (A +3d/7)]|f||*. Next, observe that:
fd Agis\fs = fd Anfs + fd Arfs
= f3 Aufs + fs Av fs + f3 Avfs + fs Arneeis) fs

> fd Aufs + fs ALfs + fs Arne(ais) fs (since fg AL, fs > 0)
> fd Aufs — |Lo| - I fsll% — [FNE(GISD)| - | fs I3

> £l Anfs - ( +O<n010gzcn>) Tk

logn

where the last inequality is because |Lo| < logz++1n by assumption, || fs||% < @ I £1I?> by “les-
delocalization”, and |F N E(G[S])| = O (n'~¢) by “almost-high girth”.

13



Chaining the above two inequalities together gives us:

3 Aufe < (M43 +0 (o) ) IAIE < O +-4d I

1
logn
Since A +4d,/7] < 0, the above is bounded by (A +4d./7) || fs||?, completing the proof of Item 4. [J

We are now ready to prove Lemma 5.1.

Proof of Lemma 5.1. We prove the desired statement by contradiction. If f has less than logz%ﬂn

singleton nodal domains then consider the subgraph H that is promised by Lemma 5.2. On one
hand by Item 4 of Lemma 5.2:

7 Aufo < O+ 4dyISI < (<20 200 VA= 2+ 8V DIl = -2 (14 36) VA= 2Rl

which implies that the spectral radius of Ay is lower bounded by 2 (1 + 36) v/d — 2. On the other
hand, by Item 1, Item 2 and Item 3 of Lemma 5.2 in conjunction with Lemma 4.6 the spectral radius

of Ap is upper bounded by ZEVAIZ2 \\hich is at most 2(146)+/d — 2, which s a contradiction. [

1- clogd71 n

6 Many nodal domains in random regular graphs

We are now ready to prove our main result.

Proof of Theorem 1.2. By Lemma 3.2, with probability 1 — 0, (1), every eigenvector f either has Q(n)
singleton nodal domains or satisfies “/>-localization”.
We define the following events:

¢ &;: G satisfies “almost-high girth” with constant c; s and “lossless edge expansion”; f satisfies
“l~-delocalization” with constant Cyy and “high energy”,

¢ & f has at least c3 11 /2 singleton nodal domains,

o &3: f satisfies “/>-localization” and has fewer than c3 171/2 singleton nodal domains.

2C+1 n) nodal domains. Next, observe that when both &

2Ct131) singleton nodal

Clearly, when &, occurs there are Q)(n/ log
and & occur, the conditions of Lemma 5.1 are satisfied and, f has Q(n/ log
domains.

Thus, it suffices to lower bound Pr[&, U (& N &3)]. Since & and &3 are mutually exclusive, &
and & N & are also mutually exclusive, and hence:

Pr[é’z U (51 N 53)] = Pl.‘[gQ] + PI‘[51 N 53] = Pr[Sz] + Pr[é’g] — Pr [31] (5)

Lemma 3.2 implies that Pr[&,] 4+ Pr[€3] = 1 — 0,(1). We further have Pr [£1] = 0,(1) by a
combination of Lemma 2.7, Lemma 2.5 and Theorem 2.8. Thus,

Pri&U (E1N &) =1 —0,(1),

which completes the proof. O
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7 Large Nodal Domains in Expanders

In this section we prove that as a consequence of expansion in random graphs, for any eigenvector
of a random d-regular graph, most vertices are part of a macroscopic nodal domain. Key to our
result in this section is the following lemma, which proves that by the expander mixing lemma,
the only way to have the “correct” number of internal edges in a large subgraph is to have a large
connected component.

Lemma 7.1. Let G be a n-vertex d-regqular graph and let S C V(G) of size cn, where c is arbitrary. Also
assume A(G) < d. Then G[S| has a connected component of size at least:

(H0)

Proof. By the expander mixing lemma (Lemma 2.4), we know that the average degree of G[S] is

AvgDegree(G[S]) = |E(|SS,|5)|

> cd — A(G)(1—c).

Let the size of the connected component C* in G[S| with maximum average degree be ¢'n. We
know that AvgDegree(G[C*]) is at least AvgDegree(G|[S]), and by the expander mixing lemma
(Lemma 2.4):

e(C*,C*)
[o
<dd+A(G)(1=C).

AvgDegree(G[C*]) =

Consequently, we have:

dd+AG)(1—() =2 cd—A(G)(1—c)
c'(d = A(G)) = e(d + A(G)) —2M(G)
N d+A(G) 2A(G)
CZCUTTAG) T d—A(G)
_21-0A)
d—AG)
which proves the claim. O

The result about nodal domains (which actually really applies to any signing of the vertices
independent of being an eigenvector) in expanders is:

Theorem 7.2. Let G be a d-reqular graph and let f be any eigenvector of Ag. Suppose C1 and C, be the

two largest nodal domains in f, then |C1| + |Ca| > (1 — dzj‘A(fG))) n

Proof. Let S :={v € V(G): f(v) 20} and S_ = {v € V(G) : f(v) < 0}. Let’s denote |S| as cn
and |S_| as (1 — ¢)n. By Lemma 7.1 we know that the largest component C; in S has size at least

15



(c — W) -1 and the largest component C_ in S_ (which is distinct from C ) has size at least

) - n. It then follows:

G +[Cof = [Co ]+ ]C-|

O]

Remark 7.3. When G is a random d-regular graph, then % =0 (ﬁ) , and so for large enough

d, the statement implies that a large constant fraction of the vertices are part of the two largest
nodal domains. For instance, when d > 99, at least half the vertices are part of the two largest nodal
domains.
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